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Hilbert $H$ – $(P_{0})$
$(P_{0})$ $\{$
$\frac{dy}{dt}+A(t)y=f(t, y)+g(t)$ in $(0, T)$
$y(0)=y_{0}\in H$
(1.1)
$A(t)$ $t$ $H$ $f(t, y)$ $g(t)$ $t$
$y_{0}$
$(P_{0})$
$H$ Hilbert $H=H’$ ( )
$V$ $A(t)$ Hilbert Hilbert $X$
$X’$ $X\text{ _{ }}$ $X$ $X’$ $\langle\cdot, \cdot\rangle_{X}’,x$ $(\cdot, \cdot)x$
$X$ $H$ $(\cdot, \cdot)_{H}$ $(\cdot, \cdot)_{\text{ }}$ $|\cdot|_{H}$
$|\cdot|_{\text{ }}$ $V$ $((\cdot, \cdot))$ , $||\cdot||v$ $||\cdot||$ $V$
$H$ – $H’=H$ Gelfand triple space $(V, H)$
$V(arrow H^{\mathrm{C}}arrow V’$ (1.2)
$\mathrm{c}\prec$
$A(t)$ $\forall t\in[0, T]$ $a(t, \phi, \psi)$
11 $a(t, \phi, \psi)$ $V\cross V$ $t$ $M>0$
$|a(t, \emptyset, \psi)|\leq M||\phi||||\psi||$ coercive
$a(t, \phi, \phi)\geq\alpha||\phi||^{2}+\lambda|\phi|^{2}$ , $\forall\phi\in V$ (1.3)
$\alpha>0_{\text{ }}\lambda$ $A(t)$
$a(t, \emptyset, \varphi)=\langle A(t)\emptyset, \varphi\rangle_{V};,V$, $\forall\phi,$ $\varphi\in V$ (1.4)
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$A(t)$ (V, $H$) $(P_{0})$ $y0\in H,$ $g(t)\in$
$L^{2}(0, \tau_{;}V’)$
$f(t, y)$
(1) $f$ : $[0, T]\mathrm{x}Harrow H$ ;
$\forall y\in H,$ $f(\cdot, y)$ : $[0, T]arrow H$ .
$\exists\beta\in L^{2}(\mathrm{o}, \tau;\mathrm{R}+)$ , $|f(t, y)-f(t, z)|_{H}\leq\beta(t)|y-Z|_{H}$ , $a.e$ . in $[0, T],\forall y,$ $z\in H$.
$\exists\gamma\in L^{2}(0, T;\mathrm{R}^{+})$ , $|f(t, 0)|_{H}\leq\gamma(t)$ , $a.e$ . in $[0, T]$ .
(2) $f$ : $[0, T]\cross Varrow H$ ;
$\forall y\in H,$ $f(\cdot, y)$ : $[0, T]arrow H$ .
$\exists\beta\in L^{2}(0, T;\mathrm{R}^{+})$ , $|f(t, y)-f(t, Z)|_{H}\leq\beta(t)||y-z||_{V}$ , $a.e$ . in $[0, T],$ $\forall y,$ $z\in V$.
$\exists\gamma\in L^{2}(0, T;\mathrm{R}^{+})$ , $|f(t, 0)|_{H}\leq\gamma(t)$ , $a.e$ . in $[0, T]$ .
(3) $f$ : $[0, T]\cross Varrow V’$ ;
$\forall y\in H,$ $f(\cdot, y)$ : $[0, T]arrow H$ .
$\exists\beta\in L^{\infty}(\mathrm{o}, \tau;\mathrm{R}+)$ , $||f(t, y)-f(t, Z)||_{V’}\leq\beta(t)||y-z||_{V},$ $a.e.$ in $[0, T],$ $\forall y,$ $z\in V$.
$\exists\gamma\in L^{2}(0, T;\mathrm{R}^{+})$ , $|f(t, 0)|V’\leq\gamma(t)$ , $a.e$ . in $[0, T]$ ,
$||\beta(t)||_{L^{\infty}()}0,T;\mathrm{R}^{+}<\alpha$.
$f(t, y)$ $y$ Lipschitz
$(P_{0})$ $g’= \frac{dg}{dt}$
$W(0, T)$
$W(0, T)=\{g\text{ } \in L^{2}(0,T;V),g\in L\prime 2(0,\tau;V’)\}$
Dautray and Lions [1] $(P_{0})$
12 $y\in W(0, T)$ $y$
$\{$
$\langle y’(\cdot), v\rangle_{V’,V}+a(\cdot;y(\cdot), v)=[f(\cdot, y(\cdot)), v]+\langle g(t), v\rangle V’,V$ $\forall v\in V,$ $D’(\mathrm{O}, T)$ ,
$y(0)=y_{0}$
$y$ $(P_{0})$
$\langle\cdot, \cdot\rangle_{V’,V}$ $V$ $V’$ $D’(\mathrm{o}, \tau)$ $(0, T)$
$[f(\cdot, y(\cdot)), v]$ $[\cdot, \cdot]$ $f$ (1)
$[f(\cdot, y(\cdot)), v]=(f(\cdot, y(\cdot)),$ $v)$
1.1
11( – ) $A(t)$ (1.4) $a(t, \phi, \psi)$ (1.3)
$y0\in H,$ $g\in L^{2}(0, T;V’)\text{ }$ $f(t, y)$ 3 (1) $\sim$ (3)
2
Lipschitz $(P_{0})$ $W(0, T)$ – $y$
– Gronwall
4 Step $(P_{0})$ $m$ $y_{m}$
( )
$z$ $z$
$z$ $(P_{0})$ (1) $\sim$ (3) 3
(1)
$\mathrm{S}\mathrm{T}\mathrm{E}\mathrm{P}1$ :
$V$ Hilbert $V$ $\{w_{m}\}_{m=1}^{\infty}$ (a), (b)
(a) $\{w_{m}\}_{m1}^{\infty}=$ $\mathrm{H}$
(b)
$\{ \sum_{j=1}\xi_{j}wj|\xi j\in \mathrm{R}, m\in \mathrm{N}\}$
$V$




$\langle\frac{dy_{m}(t)}{dt}, w_{j}\rangle_{V’},V+a(t, ym(t),$ $wj)=(f(t, ym(t)),$ $wj)H+\langle g(t), wj\rangle V’,V$ ,




$(\mathrm{a})_{\text{ }}$ (b) $\xi_{im}^{0}(i--1,2, \cdot. ., m)$ , $m\in \mathrm{N}$
$y_{0m}= \sum_{i=1}^{m}\xi imi0warrow y_{0}$ in $V(marrow\infty)$ .





$\vec{g}_{m}(t)=[g_{1m}(t), g_{2m}(t), \ldots gmm(t)]^{T}$
$A(t)=(a(t;w_{i}, wj)$ : $i=1,2,$ $\ldots m$ , $j=1,2,$ $\ldots m$)
3
$\vec{\mathcal{F}}(t,\vec{g}_{m})=$
$\vec{\mathcal{G}}(t)=[\langle g(t).’ w_{1}\rangle_{V’V})’\langle g(t), w2\rangle_{V’},V, \ldots, \langle g(t), w_{m}\rangle_{V}’,V]^{T}$
$[$ .. $.]^{T}$ $[$ .. $]$ $\vec{\mathcal{F}}(t,\vec{g}_{jm})+\vec{\mathcal{G}}(t)$ $\mathit{9}jmarrow$ Lipschitz
Caratheodory type





$\leq$ $\frac{1}{2}|y_{m}(0)|_{H}^{2}+\int_{0}^{t}(f(t, ym\{t), ym(t))Hdt+\int_{0}^{t}\langle g(t), y_{m}(t)\rangle V’,Vdt$
$f$ Gronwall
$y_{m}\in L^{\infty}(0, \tau;H)\cap L^{2}(0, T;V)$ – (1.8)
$\mathrm{S}\mathrm{T}\mathrm{E}\mathrm{P}3$ :
(1) $\mathrm{S}\mathrm{T}\mathrm{E}\mathrm{P}2$ (1.8)
$A(\cdot)y_{m}\in L^{2\prime}(0, \tau_{;}V)$ – (1.9)
$f(\cdot, y_{m})\in L^{2}(0, T;H)$ – (1.10)
$L^{2}(0, \tau;V),$ $L^{\infty}(\mathrm{O}, T;H),$ $L^{2}(0, T;V^{l}),$ $L^{2}(0, T;H)$
( $*$ ) (Rellich’s extraction Theorem) Lemma 11
Lemma 1.1 $\{y_{mk}\}\subset\{y_{m}\}$ $z\in L^{\infty}(\mathrm{O}, \tau;V)\mathrm{n}L^{2}(\mathrm{o}, T;V)_{\text{ }}$
$Y\in L^{2}(0, T;H)$ $(i)\sim(iv)$
(i) $ymkarrow z$ ($weakly*$ in $L^{\infty}(\mathrm{O},$ $T;H)$ ).
(ii) $ymkarrow z$ (weakly in $L^{2}(0,$ $\tau;V)$ ).
(iii) $f(\cdot, y_{mk})arrow Y$ (weakly in $L^{2}(0,$ $\tau;H)$ ).
(iv) $A(\cdot)ymkarrow A(\cdot)z$ (weakly in $L^{2}(0,$ $T;V’)$ ).
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(2) $z(t)$ $\{$




$\langle\frac{dz(t)}{dt}, v\rangle_{V’,V}+a(t, z(t),$ $v)=(Y(t), v)_{H}+\langle g(t), v\rangle V’,V$




$Y(t)=f(t, z(t))$ $\forall t\in[0, T]$ $H$
$y_{mk}(t)arrow z(t)$ ( ) $y_{m}(t)$ :
$\frac{1}{2}|y_{m}(t)|_{H}^{2}+\int_{0}^{t}a(t, ym(t),$ $ym(t))dt$
.





$\langle\frac{dz(t)}{dt}, z(t)\rangle V’,V+(A(t)Z(t), z(t))=(Y(t), z(t))+\langle g(t), z(t)\rangle V’,V$
$\circ$
$\frac{1}{2}|z(t)|_{H}^{2}+\int_{0}^{t}a(t, Z(t),$ $z(t))dt$
$=$ $\frac{1}{2}|y0|_{H}^{2}+\int_{0}^{t}(Y(t), Z(t))_{H}dt+\int_{0}^{T}\langle g(t), Z(t)\rangle V’,Vdt$ . (113)
$t\in(0, T)$ $X_{m}(t)$ :
$X_{m}(t)=|ym(t)def_{\frac{1}{2}}-z(t)|^{2}+ \int_{0}^{t}a(s, ym-z, y_{m}-z)ds$
$- \int_{0}^{t}(f(s, ym)-f(S, \mathcal{Z}),$ $ym-Z)ds$ (1.14)
Dautary-Lions f Lipischitz
$X_{m}(t)arrow 0$
$\lim_{marrow\infty}|y_{m}(t)-z(t)|_{H}=0$ $\forall t\in[0, T]$ (1.15)
$Y(t)=f(t, z(t))$ - Lipschitz $L^{2}(0, T;H)$
$f(t, y_{m})arrow f(t, z)$ ( ) $L^{2}(0, \tau_{;}H)$ –
5
$Y(t)=f(t, z(t))$ $z\in W(0, T)$ $z(t)$ $(P_{0})$
(2) $f$ : $[0, T]\cross Varrow H_{\text{ }}$ (3) $f$ : $[0, T]\cross Varrow V’$ –
2
$(P)$ $\{$





$v$ Hilbert $B$ $\mathcal{L}(\mathcal{U}, L^{2}(0, \tau;V’))$
$Bv\in L^{2}(0, T;V^{;}),$ $v\in \mathcal{U}$ $f(t, y)$ 1
3 $(P)$ $y=y(v)$ $\mathcal{M}$
$z$ Hilbert $y(v)$ $z(v)$ :
$z(v)=Cy(v)$ , $C\in \mathcal{L}(W(\mathrm{O}, T),$ $\mathcal{M})$ . (2.17)
$C$ $(P)$ :
$J(v)=||o_{y}(v)-Z_{d}||_{\mathrm{A}4}^{2}+(Nv, v)$ , $v\in \mathcal{U}$ . (2.18)
$z_{d}\in \mathcal{M}$ $z(v)$ $N\in \mathcal{L}(\mathcal{U})$
$\gamma\geq 0$ , $(Nv, v)=(v, Nv)\geq\gamma||v||_{\mathcal{U}}^{2}$ (2.19)
$\mathcal{U}_{ad}$ $\mathcal{U}$ $\mathcal{U}_{ad}$ ” ”
$\mathcal{U}_{ad}$ $J(v)$ $u$ $u$
2
(i) $v\mathrm{i}\mathrm{n}\mathrm{f}J(v)d=J(u)$ $u\in \mathcal{U}_{ad}$
(ii) $u$













$\{v_{n}\}$ $\{v_{n}\}$ $N$ (2.19)
(1.1) $y(v_{n})$ $L^{\infty}(\mathrm{O}, T;H)$
$L^{2}(0, \tau;V)$ – $\{y’(t, v_{n})\}\in L^{2}(0, T;V’)$ –
$\{y(t, v_{n})\}$ $W(\mathrm{O}, T)$ $\{y(v_{n})\}$
$\{y(v_{m})\}$
$y(v_{m})arrow z\in L^{2}(0, \tau;V)$ ( ) $(marrow\infty)$ (2.21)
$v_{m}arrow u$ ( ) $u$ $z=y(u)$
$f(t, y(v_{m}))arrow f(t, z)\in L^{2}(0, T;H)$ ( ) $y(v_{\mathfrak{m}})arrow z\in$
$L^{2}(0, T;H)$ ( ) (2.21)
$V$ $H$ Temam
Temam [7, p.276] $y(v_{m})$ $z=y(u)$
–
(2) $f$ : $[0, T]\cross Varrow H$ (3) $f$ : $[0, T]\mathrm{x}Varrow V’$
22
(ii) $v \inf J(v)d=J(u)$ :
$J’(u)(v-u)\geq 0$ $\forall v\in \mathcal{U}_{ad}$
Gateaux
$uarrow y(v)$ : $\mathcal{U}arrow \mathrm{W}(\mathrm{O}, T)$ Gateaux
$f(t, y)$ Fr\‘echet $f(t, y)$ $y$
Fr\‘echet
(1) (2) , (3)
21(Fr\‘echet ) $t\in[0, T]$ $f(t, y)$ $y=\emptyset\in H$
Fr\‘echet $f_{y}(t, \phi)\in \mathcal{L}(H)$
$|h|_{H}arrow 0\text{ _{ }}$ $\frac{|f(t,\phi+h)-f(t,\phi)-fy(t,\phi)h|H}{|h|_{H}}arrow 0$
7
$\ovalbox{\tt\small REJECT}(t, \phi)$ $f(t, y)$ $y$ $y=\emptyset$ Fr\‘echet
(ii)
$\mathcal{U}$ $W(\mathrm{O}, T)$ $varrow y(v)$ $u$
22( ) $varrow y(v)$ : $\mathcal{U}arrow W(\mathrm{O}, T)$ $v=u$
$Dy(u)\in \mathcal{L}(\mathcal{U}, W(\mathrm{O}, T))$ $w\in \mathcal{U}$
$\lambdaarrow 0$ $\langle\frac{1}{\lambda}(y(u+\lambda w)-y(u))-Dy(u)w, \phi\rangle W(0,T),W(0,\tau)’arrow 0$
$\forall\phi\in W(0, \tau)^{;}$
$Dy(u)$ $v=u$ $y(u)$ $w\in \mathcal{U}$ $Dy(u)w\in$
$W(0, T)$ $w\in \mathcal{U}$ $y(u)$
22 1.1 $f(t, y)$ $t\in[0, T]$
$y=y(u, t)$ Fr\‘echet
$||$ $( \cdot, y(u, \cdot))||_{L^{2}(\tau}0,;c(H))--(\int_{0}^{\tau}||f_{y(t}, y(u, t))||^{2}c(H)dt)^{\frac{1}{2}}<\infty$ (2.22)





$z’+(A(t)-f_{y}(t, y(u, t)))Z=B(v-u)$ in $(0, T)$
$z(0)=0\in H$ .
(2.23)
$f(t, y(t, u))$ $y(v)$ $v=u$
22
$J(u)$ $u$ $v-u$
$\langle C^{*}\Lambda_{\lambda 4}(oy(u)-Z_{d}), Dy(u)(v-\dot{u})\rangle_{W(),(\tau)}0,\tau W0,’+(Nu, v-u)_{\mathcal{U}}\geq 0$ $\forall v\in \mathcal{U}_{ad}$ . (2.24)
$\Lambda_{\mathcal{M}}$ $\mathcal{M}$ $\mathcal{M}’$
(2.22)
Lions [3] $f(t, y)$
8
21. $C\in \mathcal{L}(L^{2}(\mathrm{o}, \tau;V),$ $\mathcal{M})_{\text{ }}$ $z(v)=o_{y}(v)$ ( D
$C$ $C^{*}\in L(\mathcal{M}’, L^{2}(0, T;V’))$ $C^{*}\Lambda_{\mathcal{M}}(Cy(u)-Z_{d})\in L^{2}(0, T;V’)$
(2.24) 1 $W(0, T)^{J}$ $W(0, T)$ $L^{2}(0, T, V’)$ $L^{2}(0, \tau;V)$
$\int_{0}^{T}\langle \mathit{0}^{*}\Lambda \mathrm{A}4(Cy(u)-z_{d}), z(t)\rangle_{VV}’,dt+(Nu, v-u)\mathcal{U}\geq 0$ $\forall v\in \mathcal{U}_{ad}$ (2.25)
23 22 $C\in \mathcal{L}(L^{2}(0, T;V),$ $\mathcal{M})$
$u$




$(\Lambda_{\mathcal{U}}^{-1}B^{*}p(u)+Nu, v-u)_{\mathcal{U}}\geq 0$ $\forall v\in \mathcal{U}_{ad}$
$y(u),p(u)\in L^{2}(0, T;V)$ .
2. $C\in \mathcal{L}(H, \mathcal{M})_{\text{ }}$ $z(v)=Cy(T, v)$ ( )
$C$ $H$ At







$p(T, u)=C^{*}\Lambda_{H(c}y(\tau, u)-Z_{d})\in H$
$\{$
$(\Lambda_{\mathcal{U}}^{-1}B^{*}p(u)+Nu, v-u)\geq 0$ $\forall v\in \mathcal{U}_{ad}$













$\triangle$ $d,$ $\beta>0$ $y0\in L^{2}(\Omega),$ $v\in \mathcal{U}\subset L^{2}(Q)$
Dirichlet $V=H_{0}^{1}(\Omega),$ $H=L^{2}(\Omega)$ $H_{0}^{1}(\Omega)\llcornerarrow L^{2}(\Omega)$
$z_{d}\in L^{2}(\Omega)$
$J(v)= \int_{Q}(y(v, t, x)-Zd(t, x))^{2}dXdt+(Nv, v)_{\mathcal{U}}$ $\forall v\in \mathcal{U}_{ad}\subset \mathcal{U}$ (3.27)
$N$ $\mathcal{U}$
$f(t, y)=\sin y$ Lipschitz 22 1
$u$ $f$ Fr\‘echet $(y(u, t))=\beta cosy(u)$
(2.22) :
$\{$




$y(u)-Zd\in L^{2}(Q)$ 22 – $p(u)$
(3.27)
$\int_{Q}(p(u)+Nu)(v-u\mathrm{I}dxdt\geq 0$ $\forall v\in \mathcal{U}_{ad}\subset L^{2}(Q)$ (3.29)
2: $g(s)= \sum_{j=0}^{21}bj\mathit{8}^{j}p-$ , $b_{2p-1}\geq 0$
$\frac{\partial y}{\partial t}-d\triangle y$ $+\beta g(y)=v$ $Q$
$y=0$ on $\Sigma$ (3.30)
$y(x, 0)=y0(x)$ in $\Omega$





$\mathcal{U}=L^{2}(Q),$ $\mathcal{U}_{ad}=$ { $v|\xi_{1}\leq v\leq\xi_{2},$ $a.e$ . in $Q$ , $\xi_{1},$ $\xi_{2}\in L^{\infty}(Q)$ } $\subset L^{2}(Q)$
$J(v)=||y(T, v)-zd||_{L^{2}(\Omega}2)$ $\forall v\in L^{2}(Q)$
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(2.18) $N=0$ $\mathcal{U}_{ad}$ 21
$u$
$p(u;t, x)>0$, $\xi(t, x)-u(t, X)\geq 0$ $u(t, X)=\xi 1(t, X)$





$\Omega=(0,1),$ $Q=(\mathrm{O}, 1)\cross[1, T],$ $T=2$
1: $f(t, y)=\beta\sin y\text{ }$ $y(\mathrm{O})=\sin(\pi X)$
1 1
$d=0.0105$ , $\beta=0.01$ $d=0.\mathrm{O}\mathrm{o}1,$ $\beta=0.01$
1
$d=0.\mathrm{O}\mathrm{O}1,$ $\beta=0.05$ $d=0.\mathrm{O}\mathrm{o}1,$ $\beta=0.1$
11
2: $f(t, y)=\beta y^{3}\text{ }$ $y(\mathrm{O})=\sin(\pi X)$
11
$d=0.\mathrm{O}\mathrm{o}1,$ $\beta=0.001$ $d=0.\mathrm{O}\mathrm{O}1,$ $\beta=0.0029$
1
1
$d=0.\mathrm{O}\mathrm{o}1,$ $\beta=0.00290781349875$ $d=0.\mathrm{O}\mathrm{o}1,$ $\beta=0.00290781349877$
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